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Extraordinary localization of TE-waves at the graphene layer
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The propagation of electromagnetic waves along the surface of a nonlinear dielectric covered by
a graphene layer is investigated. The main result is that such a surface can support and stabilize
nonlinear transverse electric (TE) plasmon polaritons. We demonstrated that these nonlinear TE
modes have a subwavelength localization in the direction perpendicular to the surface, with the
intensity much higher than that of the incident wave which excites the polariton.
PACS numbers: 42.65.Wi, 78.67.Wj, 73.25.+i, 78.68.+m
Introduction. Nonlinear plasmonics is still a young, but
fast growing, research field [1]. It encompasses both the
nonlinear response of the active medium –the metal– and
that of the surrounding dielectric. Nonlinear response of
plasmonic systems has been observed both in metal films
and in metallic nanostructures [1]. In the present context,
from many nonlinear effects allowed by nonlinear optics,
second-harmonic generation and self-action Kerr effect
have been the most studied. Kerr effect refers to the
modification of the refractive index of a system by the
electric field. In this case, the nonlinear susceptibility
depends on the intensity of the electric field.
Plasmonics in graphene [2] is a recent and intense field
of research, impelled by many theoretical proposals [3–
6] and experimental results [7, 8]. In particular, it has
been shown that graphene supports p−polarized surface
plasmon polaritons, or transverse magnetic (TM) surface
waves [4–6], with subwavelength localization in the direc-
tion perpendicular to the surface. Contrary to an ordi-
nary metal, it has been shown that graphene also sup-
ports TE-type electromagnetic surface waves [9], in a well
defined and narrow frequency window. This novel type of
surface waves exist in graphene as a consequence that the
imaginary part of its inter-band optical conductivity may
become negative. The existence of such type of waves was
invoked to explain, e.g. the broadband polarizing effect
of graphene [10]. The TE waves can also be important in
multi-layer structures [11]. Unfortunately, the degree of
localization of the TE-type surface plasmon–polaritons
around the graphene layer is very weak, with the electro-
magnetic field behaving almost as free radiation.
In the realm of linear optics there is no hope that
the degree of localization of the TE-type electromagnetic
wave can be enhanced. Fortunately, nonlinear optics res-
cue us from this limitation. The idea is relatively sim-
ple. For a TE-wave, the solutions of Maxwell’s equation
in the Kerr regime support localized fields, described by
hyperbolic functions. Then, a simple experimental setup
can be envisioned: a graphene sheet is cladded by two
dielectrics, one being linear (for example, air) and the
other nonlinear (for example, some special type of poly-
mer). Electromagnetic radiation is let to impinge from
the linear dielectric onto graphene and a surface wave is
excited (e.g. with the help of a microfabricated grating).
Due to the presence of the nonlinear dielectric under-
neath, the field is localized in the vicinity of the inter-
face. Furthermore, the enhancement of the electric field
associated with the formation of the surface wave further
enhances the nonlinear effect. Moreover, as we will see
below, the presence of the nonlinear dielectric also frees
us from the narrow frequency window predicted by the
linear theory for the existence of TE-waves. Indeed, it
is shown that this type of waves can exist even if the
imaginary part of the conductivity is positive. The main
results of this Letter are: (i) subwavelength localization
of TE-type waves around the graphene-covered surface
or interface; (ii) enlarged frequency window for the ex-
istence of the TE-waves; (iii) strong enhancement of the
localized field relatively to its value in the incident wave;
(iv) stability of the TE-type nonlinear waves, which have
a soliton character. All these aspects are promoted by
the presence of the nonlinear dielectric in the vicinity of
FIG. 1. (Color online) Schematics of a graphene layer separat-
ing the upper linear and lower nonlinear dielectric media with
the dielectric permittivities ε2 and ε
NL
1 , respectively, shown
with a spatial profile of the nonlinear surface polariton.
2graphene. In what follows we will see how these results
appear from a simple formulation of the nonlinear prob-
lem.
Model and Equations. We consider a graphene sheet
covering a flat interface (at z = 0) between two semi-
infinite dielectric media (see Fig. 1). The upper dielec-
tric has a linear dielectric permittivity ε2 > 0, and the
nonlinear substrate has a dielectric permittivity εNL1 =
ε1+χ
(3)|E|2; then we are exploiting here the Kerr effect.
The parameter χ(3) > 0 is the nonlinear coefficient of the
self-focusing medium, which for some types of polymers
can have values as large as χ(3) = 1.4 · 10−18 m2/V2. We
assume that the substrate and the capping dielectric oc-
cupy the half-spaces z > 0 and z < 0, respectively (see
Fig. 1). Moreover, we suppose that the incident elec-
tromagnetic radiation, in the form of TE-waves, is uni-
form along the direction y, with the field vectors given
by ~E = {0, Ey, 0} and ~H = {Hx, 0, Hz}. The temporal
dependence of the electromagnetic field has the standard
form ∼ exp(−iωt), where ω is the frequency.
Maxwell’s equations for a TE-wave can be written in
the form
∂H
(j)
x
∂z
− ∂H
(j)
z
∂x
= −iωε0
[
εj + δj,1χ
(3)
∣∣∣E(j)y
∣∣∣2
]
E(j)y ,
∂E
(j)
y
∂z
= −iωµ0H(j)x ,
∂E
(j)
y
∂x
= iωµ0H
(j)
z ; j = 1, 2 .
Introducing the dimensionless and slowly vary-
ing amplitudes of the electromagnetic field,
E(j)y (x, z) =
(
χ(3)/2
)1/2
E
(j)
y exp(−ikxx) and
H(j)x,z(x, z) =
(
χ(3)/2
)1/2
cµ0H
(j)
x,z exp(−ikxx), it fol-
lows from the above equations that
2ikx
∂E(j)y
∂x
+
∂2E(j)y
∂z2
− k2xE(j)y + (1)(ω
c
)2 [
εj + 2δj,1
∣∣∣E(j)y
∣∣∣2
]
E(j)y = 0 ,
where kx is the in-plane component of the wavevector
and δj,m is the Kronecker symbol.
Nonlinear Surface Modes. In the nonlinear medium
(j = 1), the stationary (x-independent) solution of wave
equation (1) can be represented in the form of localized
modes. Indeed the solution has the simple form,
E(1)y (z) =
cp1
ω
1
cosh [p1 (z + z0)]
, (2)
H(1)x (z) =
c2p21
iω2
sinh [p1 (z + z0)]
cosh2 [p1 (z + z0)]
. (3)
It is clear that the wave is localized around z = −z0;
this type of solution is sometimes called a spatial soliton.
The parameter z0 can be either positive or negative. We
are most interested in the case where the TE-wave is
localized in the nonlinear medium, for which z0 < 0.
On the other hand, in the linear medium (j = 2) the
solution has the standard form
E(2)y (z) = Ey(0) exp (p2z) , (4)
H(2)x (z) = −
cp2
iω
Ey(0) exp (p2z) . (5)
In the above, we have introduced the parameter p2j = k
2
x−
(ω/c)2 εj. The electric field at the interface, Ey(0), and
the dispersion relation for the TE-waves are determined
from the boundary conditions. These are E(2)y (0) =
E(1)y (0) and H(1)x (0) − H(2)x (0) = cµ0σ (ω) E(2)y (0), from
which follows the dispersion relation:
p1 tanh(p1z0) + p2 = iωµ0σ (ω) ,
or, equivalently,
s
[
p21 −
(ω
c
)2
|Ey (0)|2
]1/2
+ p2 = iωµ0σ (ω) , (6)
where s = ±1 stands for the sign of the parameter z0.
We note that the dispersion relation of the nonlinear
surface polaritons is determined by the graphene con-
ductivity σ (ω), which has been given, for example, in
Ref. 3 and depends on the Fermi energy, µ. The gen-
eral trend of the optical conductivity of graphene is as
follows: in the low-frequency range, the Drude term ex-
ceeds significantly the inter-band contribution, for both
the real and imaginary parts, while in the high-frequency
range (that is, close to twice the Fermi energy) the lat-
ter contribution dominates. Moreover, in the vicinity of
the frequency ω = 2µ the real part of the graphene con-
ductivity increases drastically and achieves the universal
conductivity value, σ0 = πe
2/(2h) (h is the Planck con-
stant), whereas the imaginary part, which is negative,
attains its minimum value. Also, there exists a special
frequency ω∗, where the imaginary part of the conduc-
tivity, σ′′ = Im [σ (ω)], vanishes, i.e. σ′′ (ω∗) = 0.
Without the graphene layer, the TE-wave could exist
only in the case s = −1 and for a single value of the elec-
tric field amplitude at the interface [12], determined by
|Ey (0)|2 = ε2−ε1 ≡ −∆0 (for ∆0 < 0). On the contrary,
and most importantly, in the case where a graphene layer
is present, the existence range for the TE-wave becomes
significantly wider. Indeed, Eq. (6) can be rewritten in
terms of ∆ = ε1 − ε2 + |Ey (0)|2 ≡ ∆0 + |Ey (0)|2 ≥ ∆0,
as
s
[
p22 −
(ω
c
)2
∆
]1/2
+ p2 = −ωµ0σ′′, (7)
where the real part of the graphene conductivity, σ′ =
Re [σ (ω)] ≡ 0, has been neglected for clarity (this corre-
sponds to the limit of a dispersive dielectric). The above
equation can be solved for p2 and we obtain
p2 = −∆+ c
2µ20σ
′′2
2c2µ0ω−1σ′′
, (8)
3which links ω, kx, and ∆. One can consider ω and ∆ as
independently controlled parameters determined by the
excitation conditions (in particular, ∆ can be adjusted
via the intensity of the incident wave).
Equation (8) allows for a simple qualitative analysis.
Requiring both the positiveness of p2 and the condition
that Eq. (7) also holds one can obtain the domains of
existence of the TE-surface wave. The case σ′′ > 0 is the
simplest one. Here the surface waves exist when
∆ < −c2µ20σ′′2 (9)
and s = −1. We stress that this result is in contrast with
the linear regime [9], where only for σ′′ < 0 TE-waves
can propagate on a graphene-covered interface. On the
other hand, for the case σ′′ < 0 the surface waves exist
in the domains,
− c2µ20σ′′2 < ∆ < c2µ20σ′′2 (10)
for s = 1 (this is the less interesting case), and
∆ > c2µ20σ
′′2 (11)
for s = −1. In conclusion, the existence domains for
s = −1 are very wide.
The existence domains are depicted in Figs. 2(a) and
Fig. 3(a) for the cases ε1 < ε2 and ε1 > ε2, respectively.
In both plots, the white color represents domains where
the nonlinear surface polaritons cannot exist, while the
bottom limits in these plots correspond to the limiting
value ∆ = ∆0.
For ε1 < ε2 [see Fig. 2(a)] there are three existence do-
mains: (i) the finite domain at frequency range ω < ω∗,
characterized by positive σ′′ > 0, negative s = −1 and
restricted by the curves (9), ∆ = ∆0, and ω = ω∗; (ii)
the infinite domain at frequency range ω > ω∗, charac-
terized by negative σ′′ < 0, positive s = 1 and restricted
by the curve (10) [see the inset in Fig.2(a)]; (iii) the in-
finite domain at frequency range ω > ω∗, characterized
by negative σ′′ < 0, negative s = −1 and restricted by
the curves (11) and ω = ω∗. The last two regions are
semi-infinite in frequency and ∆.
For ε1 > ε2 [see Fig.3(a)] there is only one infinite do-
main at frequency range ω > ω∗ (although the s = 1 do-
main is also present here, for these particular parameters
it is just a narrow strip in the vicinity of the frequency
ω = 2µ), characterized by negative σ′′ < 0, negative
s = −1, and restricted by the curves ∆ = ∆0, ω = ω∗,
and Eq. (10).
The intensity scale in Fig. 2(a) and Fig. 3(a) corre-
sponds to the phase velocity ω/kx (in units of the veloc-
ity of light in the linear dielectric, c/
√
ε2). The phase
velocity attains its minimum value in the vicinity of the
frequency ω = ω∗ (where σ
′′ = 0) and decreases with
an increase of |∆|. In Figs. 2(b) and 3(b) this behavior
is seen in more detail, for the dispersion curves kx(ω)
FIG. 2. (Color online) (a) Surface polariton dimensionless
phase velocity ω
√
ε2/ckx versus frequency and parameter ∆.
Inset in panel (a) depicts zoom in the vicinity of ∆ = 0; (b)
Dispersion relation kx (ω) [solid line] for fixed ∆ = −0.05 [ex-
tracted from panel (a) along the respective horizontal line]
and the light line in the linear dielectric kx = (ω/c)
√
ε2
[dashed red line]; (c,d) Spatial profiles |Ey (z)|2 of surface po-
laritons for ∆ = 0, ω = 0.39 eV [curve C in panel (c)] and
∆ = −0.05, ω = 0.275 eV, or ω = 0.3 eV [curves A and B
in panel (d), correspondingly]. The curves A–C correspond
to the respective points in panels (a,b). The interface be-
tween the linear and nonlinear dielectrics is depicted by ver-
tical dash-and-dotted black line. In all panels the dielectric
permittivities of the nonlinear and linear media are ε1 = 2.89,
ε2 = 3, while the relaxation rate and the chemical potential
of graphene are Γ = 0 and µ = 0.2 eV.
obtained from Figs. 2(a) and 3(a) along the respective
horizontal lines. From Figs. 2(b) and 3(b) it is seen that
far from the frequency ω = ω∗ the wavevector kx is close
to that in the linear dielectric, while in the vicinity of
ω = ω∗ the wavevector kx significantly exceeds its coun-
terpart in the linear medium.
A very important piece of information is the spatial
profile of the electric field |Ey (z)|2. It is depicted in
4FIG. 3. (Color online) (a) Surface polariton dimensionless
phase velocity ω
√
ε2/ckx versus frequency and parameter ∆;
(b) Dispersion relation kx (ω) [solid line] corresponding to the
horizontal line ∆ = 0.1 in panel (a) and the light line in the
linear dielectric, kx = (ω/c)
√
ε2 [dashed red line]; (c) Spa-
tial profiles |Ey (z)|2 of surface polaritons for the parameters:
∆ = 0.1, ω = 0.35 eV, or ω = 0.36 eV [curves A′ and B′,
correspondingly]. The curves A′ and B′ correspond to the re-
spective points in panels (a,b). The interface between the lin-
ear and nonlinear dielectrics is depicted by vertical dash-and-
dotted black line. In all panels the dielectric permittivities of
the nonlinear and linear media are ε1 = 2.89, ε2 = 2.8, while
the relaxation rate and the chemical potential of graphene are
Γ = 0 and µ = 0.2 eV.
Figs. 2(c,d) and 3(c). Here, in the case s = 1 [see
Fig. 2(c)] surface polariton profile resembles its linear
counterpart – the electric field maximum is at the inter-
face between linear and nonlinear media and the wave is
poorly localized. Nevertheless, due to the nonlinearity of
the substrate, the mode localization is much stronger for
z > 0 than in the linear dielectric. For the case s = −1
[Figs. 2(d) and 3(c)] the maximum of the spatial soliton is
situated inside the nonlinear dielectric, and the increase
of kx shifts it closer to the inteface (smaller |z0|) and
is accompanied by an increase of the soliton amplitude
and a decrease of its width (compare curves A and B, as
well as curves A′ and B′). These are two central results
of this work: the TE-type surface wave shows subwave-
length localization and the intensity of the field is quite
high. Such a behavior is not found in the linear theory.
One of the advantages of graphene in electronics is the
possibility to tune its conductivity by electrostatic gat-
ing. So, a natural question is how sensitive is the phase
velocity of the nonlinear surface polariton with respect
to the variation of the graphene chemical potential? We
have found that for fixed values of the parameter ∆ and
frequency ω, an increase of the chemical potential, µ, re-
sults in an increase [when ε1 < ε2], or decrease [ when
ε1 < ε2] of the phase velocity. Moreover, varying the
chemical potential, the phase velocity can be varied in a
wide range, from almost zero up to the velocity of light
in the linear dielectric, c/
√
ε2.
Stability of Nonlinear Waves. When dealing with the
solutions of a given nonlinear problem, the central ques-
tion concerns the stability of these solutions. To address
this issue, we introduce the norm, N , as a dimensionless
integral:
N =
ω
c
ˆ
E2y (z)dz =
c
ω
(p1 + p2)
2 − (ωµ0σ′′)2
2p2
. (12)
In the case ε1 < ε2 (i.e. ∆0 < 0, the norm for a fixed ω
has a minimum [see Fig. 4(a)] at the critical wavevector,
k2xcrit =
ω2
c2
{
ε2 − ∆0 + (cµ0σ
′′)2
8(cµ0σ′′)2
× {−3∆0 + (cµ0σ′′)2
−
√
[∆0 + (cµ0σ′′)2]× [9∆0 + (cµ0σ′′)2]
}}
. (13)
Moreover, if (cµ0σ
′′)2 ≪ ε2 − ε1, the expression for the
critical wavevector (13) reduces to
k2xcrit ≈
(ω
c
)2 [
ε2 − ∆0 + (cµ0σ
′′)2
3
]
. (14)
In the stability analysis, the critical wavevector kxcrit
plays an important role. It determines the boundary
in the domain of parameters ∆ and ω corresponding to
stable and unstable modes. In other words, nonlinear
polaritons with kx < kxcrit (for which ∂N/∂kx < 0) are
unstable [13], while in the opposite case of kx > kxcrit
(∂N/∂kx > 0) the nonlinear surface wave is stable (ac-
cording to the conventional Vakhitov-Kolokolov criterion
for the soliton stability [14]). We point out that the pres-
ence of graphene (with σ′′ 6= 0) results in lowering the
critical wavevector value (14), in comparison with the
case without graphene (considered in Ref. [13]).
The stable and unstable domains are depicted in
Fig. 4(b). We see that for ω < ω∗ (when σ
′′ > 0) the non-
linear modes are unstable in the vicinity of the domain
boundary (9), whereas for ω > ω∗ (when σ
′′ < 0) unsta-
ble region includes the full domain (10) as well as part
5FIG. 4. (Color online) (a) Soliton norm N versus wavevec-
tor kx for ω = 0.3 eV (dashed line) and ω = 0.35 eV (dotted
line); (b) Regions of stability and instability of the nonlinear
surface waves (domains shaded in blue and red, respectively)
in the (∆, ω) plane. Dashed and dotted vertical lines corre-
spond to the respective curves in panel (a). The dielectric
permittivities are ε1 = 2.89 and ε2 = 3.
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FIG. 5. (Color online) Evolution of the spatial profile of
the nonlinear surface polariton as it propagates along x. In
panels (a) and (b), solid and dashed lines correspond to the
initial (at x = 0µm) and final (at x = 500µm) wave profiles,
respectively. Parameters of panels (a,c) and (b,d) correspond
to points A in Fig. 2 and B′ in Fig. 3, respectively. Shown
is the beam intensity
∣∣E˜y (x, z)∣∣2 normalized to unity. In all
panels the dash-dotted line marks the position of an inter-
face between the linear and nonlinear dielectrics where the
graphene layer is located.
of domain (11) in the vicinity of its boundary. In other
words, all the nonlinear surface polaritons with s = 1 are
unstable. Fortunately, this case is not interesting since
it corresponds to weekly confined nonlinear TE-waves.
However, both polaritons depicted in Fig. 2(d) [ε1 < ε2
and σ′′ > 0] are stable and this has been confirmed by
numerical integration of Eq. (1) [see Figs. 5(a) and 5(c)].
In the opposite case [ε1 > ε2 and σ
′′ < 0] the norm
N of the localized waves does not have a minimum and
grows monotonically with the increase of kx, i.e. we have
the stability of the nonlinear polaritons in the full exis-
tence domain. Numerical integration of Eq. (1) shows
[see Figs. 5(b) and 5(d)] that the nonlinear wave is not
collapsing and maintains its shape. In this sense, the
Vakhitov-Kolokolov criterion is not violated here. At the
same time, the nonlinear wave undergoes a drift instabil-
ity [15], so that in the course of propagation the center-
of-mass of the spatial soliton in the nonlinear medium
gradually moves away from the interface z = 0.
Conclusions. We have studied analytically and numer-
ically the propagation of electromagnetic waves along the
surface of a nonlinear dielectric medium covered by a
layer of graphene. We have shown that the presence of
a single graphene layer leads to the existence and stabi-
lization of nonlinear surface modes with the maximum
amplitude located either at the interface or inside of the
nonlinear dielectric medium. We also found the stability
domains of these nonlinear modes.
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